The quest to realise strongly interacting photons remains an outstanding challenge both for fundamental science and for applications. Here, we explore mediated photon-photon interactions in a highly imbalanced two-component mixture of exciton-polaritons in a semiconductor microcavity. Using a theory that takes into account non-perturbative correlations between the excitons as well as strong light-matter coupling, we demonstrate the high tunability of an effective interaction between quasiparticles formed by minority component polaritons interacting with a Bose-Einstein condensate (BEC) of a majority component polaritons. In particular, the interaction, which is mediated by the exchange of sound modes in the BEC can be made strong enough to support a bound state of two quasiparticles. Since these quasiparticles consist partly of photons, this in turn corresponds to a dimer state of photons propagating through the BEC. This gives rise to a new light transmission line where the bound state wave function is directly mapped onto correlations between outgoing photons. Our findings open up new routes for realising highly non-linear optical materials and novel hybrid light-matter quantum systems. arXiv:2003.04659v2 [cond-mat.mes-hall] 
The goal to achieve strong photon-photon interactions motivates the intense investigation of novel quantum materials and drives forward our fundamental understanding of quantum states of light. Exciton-polaritons, in short polaritons, are hybridised states of light and excitons in semiconductors inside microcavities that have risen as a promising platform to realise such strong interactions thereby providing a pathway to highly nonlinear optics with a range of technological applications [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In spite of impressive experimental progress [14, 15] , it has, however, turned out to be difficult to make the photon-photon interaction sufficiently strong to realise these objectives. Mechanisms to increase the interaction strength include Feshbach resonances [16] [17] [18] [19] , dipolar excitons [20, 21] , strongly correlated electrons [22] , and excitons in Rydberg states [23] .
Recently, it has observed the formation of quasiparticles, coined polaron-polaritons, resulting from the interaction between the excitonic part of the polariton and a surrounding medium consisting either of excitons in another spin state [16, 19] or electrons [24, 25] . An inherent feature of quasiparticles is that they interact via the exchange of density modulations in the surrounding medium. Such mediated interactions give rise to a range of important many-body phenomena establishing e.g. the realm of Landau's liquid theory [26, 27] , leading to conventional [28] and high T c superconductivity [29] , and the fundamental interaction in particle physics [30] .
Here, we explore mediated interactions in a highly imbalanced two-component mixture of polaritons created by a pump-probe scheme inside a two-dimensional (2D) semiconductor microcavity as illustrated in Fig. 1(a) . We develop a strong coupling theory describing the effective interaction between two quasiparticles formed by minority component polaritons interacting with a surrounding BEC of the majority polaritons. This interaction is shown to be attractive and tuneable and as a striking con-FIG. 1: (a) A pump beam creates a BEC of exciton-polaritons (red balls) inside a 2D semiconductor in a microcavity. A probe beam with different polarisation creates quasiparticles called polaron-polaritons (gray balls), which can bind via an effective interaction mediated by the BEC to form dimer states. This gives rise to a distinct line of light transmission carried by the dimer states involving two photons propagating through the BEC. The red, green, and blue lines show energy of the polaritons, the polaron-polaritons, and the dimers respectively as a function of the detuning δ. (b) The Landau effective interaction between the polaron-polaritons. sequence, it supports bound states of two quasiparticles. Since these dimer states partly consist of two photons, their propagation through the BEC leads to the emergence of an additional line in the light transmission spectrum, see Fig. 1 (a). The dimer wave function is moreover shown to be imprinted on the correlations of the trans-mitted photons allowing for a direct detection.
System.-We consider a 2D mixture of excitonpolaritons in spin states σ =↑, ↓. The Hamiltonian iŝ
wherex † kσ creates an exciton with 2D transverse momentum k, spin σ, and kinetic energy ε x k = k 2 2m x . Likewise, c † kσ creates a photon with momentum k, spin σ, and kinetic energy ε c k = k 2 2m c +δ, where δ is the detuning. We have definedρ qσ = ∑ kx † k−qσx kσ and use units where the system volume and ̵ h are one. The first line of Eq. (1) describes excitons coupled to photons in the microcavity with Rabi frequency Ω, giving rise to the formation of lower and upper exciton-polariton branches with ener-
The second line in Eq. (1) describes the interaction between excitons with opposite and parallel spins with strengths g ↑↓ and g ↑↑ respectively. They are both taken to be momentum independent, since their typical length scale is given by the exciton radius, which is much shorter than any other relevant length scale. Whereas the interaction between parallel spins is weak, we consider the case where the interaction between excitons with opposite spins leads to the formation of a bi-exciton state as observed experimentally [16, 19, 31, 32] . This gives rise to a Feshbach resonance, which is described by the scattering matrix T (p), where p = (p, ω) is the total momentum/energy of the ↑ and ↓ scattering pair [33] .
As illustrated in Fig. 1 (a), we consider a BEC of exciton-polaritons with density n B and spin-polarization ↑ created by a pump beam. A weaker probe beam creates a small density of exciton-polaritons with spinpolarization ↓, which can be regarded as impurities. Their interaction with the surrounding BEC leads to the formation of quasiparticles coined polaron-polaritons [34, 35] , due to their strong similarities with polaron formation in atomic gases [36] [37] [38] . In Fig. 1(a) , the green line shows the energy of the lowest polaron-polariton branch as a function of the detuning δ. It is lowered compared to the lower polariton energy ε k = (ε c k +ε x k − δ 2 k + 4Ω 2 ) 2 due to interactions with the BEC of ↑ polaritons. The energy of the polaron-polariton branch in Fig. 1 (a) was calculated using a ladder approximation generalised to include the strong light-matter coupling. This gives rise to a matrix structure of the photon and exciton Green's functions coupled by light with a self-energy in the exciton channel of the form [33, 34] 
where C 2 q = (1+δ q δ 2 k + Ω 2 ) 2 is the Hopfield coefficient of the polaritons in the BEC [34, 39] . In the calculation, we used realistic experimental parameters with a Rabi splitting Ω = 3.5meV, exciton mass m x ≈ 0.16m e with m e the electron mass, and m c = 10 −4 m x [15, 16, [40] [41] [42] . The density of the BEC is n B = 3.5×10 10 cm −2 , the direct exciton-exciton coupling g ↑↑ ≈ 3µeVµm 2 , and the energy of the bi-exciton state is ε ↑↓ = 0.8meV.
Effective interaction.-Our focus here is on the interaction between polaron-polaritons mediated by sound modes in the BEC. We first calculate the mediated interaction between two ↓ bare excitons using a nonperturbative approach that includes strong Feshbach correlations between a pair of ↑↓ excitons exactly, combined with Bogoliubov theory generalised to the steady-state BEC at hand [2, 43, 44] . The mediated interaction between two ↓ excitons with energy/momentum p − q 2 and p ′ +q 2 scattering into final states with energy-momentum p + q 2 and p ′ − q 2 is
Here G LP (q) is a 2 × 2 matrix containing the normal and anomalous Green's functions describing sound propagation in the BEC [33] . We have defined the vector T ⊺ (p) = T (p + q 2) T (p − q 2) describing the scattering between the sound mode and the excitons, and the Hopfield factors in Eq. (3) are due to the fact that it is only the excitonic part of the BEC that scatters. The factor n B reflects that the interaction is mediated by the BEC. Details on the derivation of Eq. (3) are given in the Supp. Mat. [33] . The mediated interaction V (p, p ′ ; q) depends on both the incoming as well as the transferred momenta due to the lack of Galilean invariance. It also depends on their energies due to the finite speed of sound in the BEC giving rise to retardation effects.
Having obtained the mediated interaction between two ↓ excitons, we can now calculate the effective interaction between the polaron-polariton quasiparticles, which is the physically relevant quantity. As in the derivation of Landau's Fermi liquid theory [27, 45] , this is obtained by evaluating the mediated interaction on-shell between two polaron-polaritons taking into account their quasiparticle residues in the exciton channel. Consider for concreteness the scattering between two polaron-polaritons in the branch shown by the green line in Fig. 1(a) . Taking both the incoming and outgoing momenta to be zero, we obtain from Eq. (3)
where ε p and Z p denote the energy and exciton residue of a polaron-polariton with momentum p. The effective interaction in Eq. (4) depends on the ↓↑ scattering matrix T squared, reflecting the basic mechanism is the emission and subsequent absorption of a sound mode in the BEC. Also, the 1 g ↑↑ dependence shows that the interaction is stronger the more compressible the BEC. Compared to the mediated interaction between two impurities interacting with a conventional BEC [46] [47] [48] , Eq. (4) contains an additional factor 2 3 originating from the nonequilibrium nature of the BEC, as well as the residue Z p giving the exciton component of the polaron-polariton.
Figure 1(b) shows numerical results for the effective interaction f (0, 0) between two polaron-polaritons as function of the detuning δ. We see that the interaction is attractive and increases in strength with the detuning, becoming of the order f (0, 0) ∼ Ω n B when δ ≳ Ω 2. Assuming a polaron-polariton density n not too small compared to n B , this corresponds to a large mean-field shift nf (0, 0) of the order of the Rabi splitting Ω. The mechanism for this strong interaction is two-fold. First, the exciton component, which is the one that interacts, increases with increasing δ. Second, the energy of the attractive lower polaron-polariton approaches that of the bi-exciton with increasing δ giving rise to a strong ↑↓ exciton scattering and thereby a large effective interaction.
Dimer states.-We have just seen that the effective interaction between polaron-polaritons can be made strong by tuning δ. Combined with its long range nature determined by the coherence length of the BEC and the 2D geometry, this naturally raises the intriguing possibility of bound states consisting of two polaron-polaritons. To capture such dimers, we must describe strong correlations due to the repeated scattering between two ↓ excitons via the exchange of sound modes in the BEC. A systematic way to do this is via the Bethe-Salpeter equation (BSE) for the scattering matrix Γ between a pair of ↓ excitons, which in the ladder approximation reads [49] 
Here, G(k) is the Green's function of the ↓ excitons coupled to light and interacting with the BEC. In the limit of weak interactions, one can apply the Born approxima-
The dimer states are found by solving Γ −1 (E) = 0, which requires going beyond the Born approximation solving the full BSE. This is very complicated due to the momentum/energy dependence of the mediated interaction V (k 1 , k 2 ; k 3 ) and we therefore make two approximations. First, we employ a pole expansion of G(k), which corresponds to assuming that the ↓ excitons exclusively exist in the polaron-polariton state when it is unbound. Second, we neglect retardation effects by setting the frequency to zero in the mediated interaction V (k 1 , k 2 ; k 3 ). Even when both approximations are performed, the numerical calculation is still quite involved, as one for instance must determine the polaron-polariton poles and residues entering G(k) for each momentum. Details of the calculation are given in the Sup. Mat. [33] .
The blue line in Fig. 1(a) shows the binding energy E of the dimer relative to the polaron polariton obtained from solving Γ −1 (E) = 0. Remarkably, we see that the mediated interaction indeed is strong enough to bind two polaron polaritons into a dimer state beyond a critical detuning δ ≳ 0.6Ω. The binding energy of the dimer increases with δ reflecting the increasing attraction in agreement with Fig. 1(c) , and it becomes com-parable to the energy shift of the polaron-polariton compared to the bare polariton. Since the polaron-polaritons are partly photons these dimers in turn correspond to bound states of two photons. The existence of an effective photon-photon interaction strong enough to support bound states is a main result of this work.
Note that in a vacuum there is always a bound state for any attractive interaction [50] . The reason the bound state only exists beyond a critical detuning in the present case is due to many-body effects, which alter the one particle dispersion into that of a polaron-polariton and make the mediated interaction non-local, i.e. depending on all momenta [51] .
Light transmission.
-We now show explicitly how the formation of dimer states gives rise to a distinct line of transmitted light. To do so, the strong correlations due dimer formation via the mediated interaction must be included when calculating the photon propagator. In Landau theory, the energy shift of a quasiparticle with momentum p due to an effective interacton f (p, k) with other quasiparticles with population δn k is given by δε p = ∫ f (p, k)δn k d 2 k 4π 2 [27] . Following this, the selfenergy due to the mediated interaction in the exciton channel has the form
where we have assumed a density n of polaron-polaritons with zero momentum. The two terms in Eq. (6) are the energy shifts coming from the mediated interaction in the Hartree and Fock channels generalised to include strong coupling effects using the BSE [33, 49] , as shown in Fig. 2 . Adding Σ in (p) to Eq. (2) includes dimer formation in our many-body theory. A pole in Γ coming from the presence of a dimer will show up as a pole in both the exciton and photon propagators as they are coupled by the Rabi matrix element Ω. Further details of our theory are given in the Supp. Mat. [33] .
In Fig. 3 , we plot the ↓ photon spectral function as a function of the detuning δ calculated numerically for the same parameters employed in Fig. 1 . There are several polaron-polariton branches typical of the interplay between strong interactions and light coupling [24, 25, 34, 35] . The lowest quasiparticle branch, which we assume to be populated with density n = 0.15n B corresponds to the green line in Fig. 1(a) . There is however one distinct line in the spectrum, marked as "dimer", which is not there for zero n = 0. This transmission line comes from the fact that when the energy of the incoming photon and a polaron-polariton already present equals that of a dimer state, a bound state involving two photons is formed, which propagates through the BEC giving rise to light transmission. The dimer state also gives rise to an avoided crossing feature in the spectrum, which becomes more pronounced the larger the polaron-polariton density n. In an experiment, one could for instance use a spectrally broad probe beam creating both the dimer states and the polaron-polaritons from which they are formed. The intensity of the dimer transmission line will scale as the intensity of the probe beam squared due to the two-body nature of dimer formation. Note that the effective interaction between the other polaron-polariton branches in Fig. 3 is much weaker than that for the lowest branch since they are further away from the Feshbach state, and there are therefore no other dimer lines.
Photon correlations.-We finally show that the wave function of the dimer is imprinted in the transmitted light correlations. Figure 4 plots the correlation function g 2 (p, −p) = ⟨a † p a p a † −p a −p ⟩ − ⟨a † p a p ⟩⟨a † −p a −p ⟩ for different detunings δ, where, a † p creates a polaron-polariton with momentum p. It is calculated using the wave function Φ⟩ = ∑ p>0 φ(p)a † p a † −p 0⟩ of the dimer as g 2 (p, −p) = φ(p) 2 − φ(p) 4 , where 0⟩ is the vacuum state. Here, φ(p) is obtained from the BSE by mapping it onto an effective Schrödinger equation [33, 51] . We see that g 2 indeed is non-zero when there is a bound state. The correlations increase with increasing δ as the dimer becomes more deeply bound. The kink around p ≃ 0.05k n reflects that above this momentum, the polaron-polaritons become almost pure excitons with a much larger mass. Importantly, Fig. 4 demonstrates that the wave function of the bound state can be measured directly from the correlations of the transmitted light. Discussion.-Since we are considering a strongly correlated hybrid light-matter system, it is worth to discuss the accuracy of our approach. First, the ladder approximation describing the formation of polaron-polaritons is surprisingly accurate for the analogous problem of atomic polaron formation [36, 37, [52] [53] [54] [55] ]. An analogous theory for the mediated interaction between impurities and dimer formation in an atomic BEC has been shown to be remarkably accurate even for strong interactions when benchmarked against Monte-Carlo calculations [48, 51] . Since the speed of sound in a polariton BEC is much higher than in an atomic BEC due to the small polariton mass, one must in fact expect the neglect of retardation effects to be even more accurate in the present case. Nonequilibrium Bogoliubov theory has moreover proven to be a reliable description of the polariton BEC [2] . Finally, our general approach is based on the well established microscopic foundation of Landau's theory of quasiparticles and their effective interactions [45] .
Recently, it has been shown that the experimental findings in Refs. [16] [17] [18] [19] are consistent with a large decay rate of the ↑↓ bi-exciton underlying the Feshbach resonance [34] . Such a decay rate arising for instance from disorder, will likely significantly decrease the strength of the mediated interaction. In order to see the dimers discussed here, one therefore needs clean samples.
Outlook.-We have shown how the effective interaction between quasiparticles in exciton-polariton systems can be strong enough to support bound dimer states involving two photons. This gives rise to a new transmission line where the wave function is imprinted directly in the correlations of the transmitted light. Our results demonstrate how hybrid light-matter systems offer powerful new ways to probe many-body physics, in this case effective interactions which are a key ingredient in Landau's quasiparticle theory that have remained elusive so far in atom gas experiments. The possibility to engineer strong photon-photon interactions in a semiconductor microcavity moreover opens the door to realising highly non-linear optics in a solid state setting and engineering scalable optoelectronic devices such as optical gates, switches, and transistors [2, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
where the first term comprises the light-matter interaction
a i,k (â † i,k ) are the annihilation (creation) operators of the excitons (i = x) and photons (i = c), respectively, in the k momentum state, and
The non-linear part of the Hamiltonian contains the interactions between co-circular excitons that come from a contact repulsive potential. It reads,Ĥ xx =
where g ↑↑ is the interaction between the co-circular excitons. Additionally, we consider a driving term to the ↑ excitons by taking the quasi-mode coupling approximation valid for high-quality mirrors.Ĥ
Here, Ω f is the quasi-mode coupling, and
is the external electric field driving the microcavity, being k pu , ω pu and F pu the momentum, frequency and amplitude of the driving field, respectively. Because we are working in the momentum representation, we take the Fourier transform of the driving
We consider that k pu = 0. The overall effect of this term is to adjust the chemical potential of the ↑ excitons in the BEC by ω pu , which is set to be ω pu = ε 0 LP (0). In the absence of exciton-exciton interactions the light-matter Hamiltonian H xc can be diagonalized leading to the polariton quasiparticles
whereL k (Û k ) are the new bosonic lower-polariton (upper) annihilation operator, and the so-called Hopfield coefficients are C 2 k and S 2 k = 1 − C 2 k given in the main text. After applying the Hopfield transformation and dropping the upper-polariton terms we obtain
Now, we introduce new annihilation (and creation) operators in the rotating framel k =L k exp (−iω pu t ̵ h). In this rotating frame we employ the canonical Bogoliubov approximation and write the Hamiltonian aŝ
hereβ denote the Bogoliubov operators, and the coherence factors of the canonical transformation are given by
with a dispersion
being n b the density of lower-polaritons. We note that the nonequilibrium Bogoliubov mode becomes gapped [2] . The Green's function describing the BEC are given by
(S13)
B. Quasiparticle properties
For a single impurity, the quasiparticle properties can be determined following the approach in [34] 
(S14)
The impurity propagator is the 2x2 matrix given by
where the diagonal terms G xx (k, ω) and G cc (k, ω), account for the excitonic and photonic parts of the impurity. The ideal propagator of the impurity is a diagonal matrix such that diag((
. We employ the scattering matrix for counter-polarised excitons, which can be written as T −1 (p, z) = Π(0, ε ↑↓ ) − Π(p, z), and includes the bi-exciton energy. We calculate the self-energy as
where the exciton-exciton self-energy is given explicitly by
for the Dyson equation we identify the quasiparticle properties, that is ReG ↓ (p, ε k ) −1 = 0 (S18)
While the former determines the quasiparticle branches ε k in Fig. 2 (main text) the latter defines the quasiparticle residue. As shown in [34] the strong light-matter coupling and the Feshbach physics yield a rich landscape of quasiparticle features.
III. MEDIATED INTERACTION
The mediated interaction between excitons describing the exchange of sound-modes between the ↓ exciton-polaritons is given by V (p, p ′ ; q) = n b C 2 0 C 2 q T (p + q 2)G which can be written in a compact matrix form as shown in Eq. 2 (main text). Furthermore, the interaction between the quasiparticles takes into account the modified Hopfield coefficients as well as the normalisation factors due to the quasiparticle residues. Note that the photonic nature of the direct and mediated scattering is encoded then in the BEC Green's function, scattering matrix T , and the exciton component of the polaron-polaritons and, as shown in Eq. (3) of the main text, the light-matter coupling leads to different results when compared to pure matter-quasiparticle scattering.
The Bethe-Salpeter equation in Eq. (4) (main text) is evaluated after a pole expansion for the G(p, z) propagator and by neglecting retardation effects in Eq. S19. The pole expansion takes into account the reduction of the quasiparticle pole which is relevant for the attractive polaron that cedes spectral weight to the repulsive branch as the momentum k increases in magnitude, we evaluate the poles for the s-wave contributions of the mediated interaction. On the other hand, due to the small mass of polaritons, the speed of sound of the BEC is of the order of c s = n b g ↑↓ m LP ≈ 10 6 m/s, therefore, the density oscillations within the medium propagates much faster than in an atomic gas [56] . We expect an efficient exchange of Bogoliubov modes within the BEC, and our theory to be accurate when δv c s < 1, where δv = (E − 2ε LP (0)) m LP , which turns to be indeed the case for the onset of the two-body body bound states. Finally, details on the Bethe-Salpeter equation can be found in [51] , which has been extended to include the polaritonic features due to the strong light-matter coupling.
